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Here, we explore the single particle dynamics of superparamagnetic beads exposed to multifrequency
ratchets. Through a combination of theory, simulation, and experiment, we determine the important
tuning parameters that can be used to implement multiplexed separation of polydisperse colloidal
mixtures. In particular, our results demonstrate that the ratio of driving frequencies controls the
transition between open and closed trajectories that allow particles to be transported across a substrate.
We also demonstrate that the phase difference between the two frequencies controls not only the
direction of motion but also which particles are allowed to move within a polydisperse mixture. These
results represent a fundamentally different approach to colloidal separation than the previous methods
which are based on controlling transitions between phase-locked and phase-slipping regimes, and have
a higher degree of multiplexing capabilities that can benefit the fields of biological separation and
sensing as well as provide crucial insights into general ratchet behavior.

I.

Introduction

Transporting and multiplexing the motion of small objects in
a micro-chip platform, including colloidal particles, cells and
bacteria, can enhance the flexibility of lab-on-a-chip devices,
allowing for new functions such as micro-scale flow cytometry,
and improved mechanisms for sorting rare biological materials
from polydisperse mixtures. Magnetic flow based sorting systems
have demonstrated feasibility of sorting multiple magnetic
objects by controlling the residence time in a flow stream,1–4 but
these systems suffer from several technical problems, including:
(i) the highly nonlinear position-dependent nature of magnetic
forces, which complicates efforts to move the magnetically
labeled cells or particles across the flow stream at a uniform and
reproducible rate; and (ii) magnetic flow based cell sorting is
extremely sensitive to external parameters including the background matrix (e.g. changes in viscosity, flow speed,5 etc.) as well
as variations in cellular parameters (particle loading rate, cell
size, etc.).
The use of synchronization phenomena and ratchet behavior
overcomes these challenges by promoting the suspended particles
or cells to move at a highly reproducible speed across the
substrate, irrespective of the external medium, when sufficiently
low operating frequencies are applied. Past work on ratchet
systems have primarily used electric,6,7 magnetic,8–16 and
a
Department of Mechanical Engineering and Materials Science, Center for
Biologically Inspired Materials and Material Systems, Duke University,
Durham, North Carolina, 27708, USA
b
University of Michigan-Shanghai Jiao Tong Joint Institute, Shanghai Jiao
Tong University, Shanghai, 200040, People’s Republic of China
† Electronic supplementary information (ESI) available. See DOI:
10.1039/c1lc20683d

4214 | Lab Chip, 2011, 11, 4214–4220

optical17–22 fields for controlling colloidal particles; however
some of the most promising candidates are ratchet substrates
that retain ‘‘memory’’ without external power, including
magnetic8–15 and ferroelectric micro-patterns, which allow
implementation of diverse functions on a massively parallel scale
without the requirement of electrical wiring patterns or the
interference of multiple optical beams, which increase cost and
complexity and reduce available chip space. An additional
motivation for magnetic manipulation of colloids is the ability to
use quasi-static (low frequency) fields that do not heat the fluid or
introduce electrochemical flows.4
Ratchet phenomena is a broad topic that uses time modulated
periodic potential energy landscapes to control the motion of
various mobile components (particles), ranging from electrons,23
spins,24–27 atoms,28–30 as well as molecules, colloidal particles6,10,12–16,18,31,32 and biological materials.6,12,15,16,33 Time modulation of the landscape is typically accomplished with an external
electric, optical, magnetic, acoustic, thermal, or fluidic source
field and used to rectify one type of motion (e.g., external field
rotation) into another type (e.g., particle translation).12 A rich
display of synchronization has been observed in these systems as
a result of the periodicities of the underlying landscape and the
various modes of excitation (monochromatic, multichromatic,
white noise, etc.). Rectified particle flux in spatially asymmetric
landscapes has been observed in systems such as colloidal and
molecular motion inside asymmetric pores32,33 and above asymmetric electric potentials,34,35 electron and atom motion in
quantum ratchets,23,28,36 spin transport in superconductors,27 and
many others.
To date, a major challenge in the development of high efficiency ratchet based magnetic sorting systems is to develop
techniques that can selectively activate one type among different
This journal is ª The Royal Society of Chemistry 2011
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types of magnetic objects on a chip. Past exploration of magnetic
ratchet based separation mechanisms have exploited the bifurcation between phase-locked and phase slipping dynamic regimes
to achieve differential motion between two bead types.10,12 When
the driving frequency is held below a critical threshold, which
depends on the bead size and its magnetic properties, the beads
synchronize with the external fields and move across the
substrate at a rate determined entirely by the driving frequency
(phase-locked state). Conversely, when the driving frequency is
above a critical threshold, the beads are no longer able to
synchronize with the external drive and slip out of local potential
energy minima (phase-slipping state) leading to reduced velocity
and in some cases zero time-average velocity.10,11 These results
are certainly promising; however the separation modality is
asymmetric in the sense that larger (or more magnetic) objects
will remain mobile at higher frequencies, whereas smaller (or less
magnetic) objects will not. The utilization of a different type of
control parameter (in our case, the phase difference between
multifrequency driving fields) can improve the symmetry of the
separation method by allowing the smaller beads to move at the
expense of the bigger beads at one phase, and vice versa at
another phase. This new control mechanism opens up new
opportunities for improving the multiplexing capabilities of
magnetic sorting systems.
The work presented here was inspired by recent experimental
observations,14 which showed the possibility of using multifrequency excitation to achieve differential motion within two
different particle types on a common ratchet substrate. Despite
these very interesting early observations, a systematic evaluation
was not conducted nor was a general theory put forward to
explain this behavior or predict other possible dynamic modes.
As an additional purely scientific motivation, multifrequency
ratchets25,26,29,30 have fascinating dynamic phenomena that have
been observed in other physical systems, including the motion of
flux quanta and the cold atoms in optical traps, but have not been
studied carefully at the single particle level. Magnetic colloidal
particles are a highly accessible experimental model for real-time
exploration of the ratchet based particle transport properties at
the single particle level due to the ease of tracking multiple
particles with video microscopy. Therefore this system is not only
of relevance to applications in bioseparation and sensing,12 but
also allows for the fundamental properties of various ratchet
conditions to be experimentally studied.

II. Computational model
The experimental system shown in Fig. 1 consists of a rectangular lattice of identical micro-magnets (with lattice spacial
period d) uniformly magnetized in the same direction. For
simplicity, we treat each micro-magnet as two opposite magnetic
point poles separated by the magnet diameter, dM, with the array
pole density expressed as:
N
N
X
X




½cosðnxx Þ  cosðnxx  nxM Þcos mxy
l x x ; xy ¼ l0
m¼N n¼1

(1)
where n and m are integers representing the different spatial
Fourier frequencies of an array of point poles along the x and
This journal is ª The Royal Society of Chemistry 2011

y- directions, respectively, and l0 is the effective magnetic pole
density, which is a constant that depends on the film thickness,
magnetization, and shape. For convenience, we adopt the
following shorthand notation where ~
x ¼ 2p~
r/d ¼ [xx,xy,xz] is the
dimensionless position vector and xM ¼ 2pdM/d is the ratio of
the magnet diameter to lattice period.
The field produced by the substrate is solved through separation of variables and matching the boundary conditions of eqn
(1). To externally drive the system, we apply additional uniform
~ext, consisting of two orthogonal fields Hx and
magnetic field, H
Hz oscillating at frequencies ux and uz respectively. The
frequency ratio, Rf ¼ uz/ux, is applied with an initial phase
difference, 40, allowing the total magnetic field to be expressed
as:
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where the short handed expressions N ¼ (n2 + m2)1/2, un(xx) ¼
cos(nxx)  cos(nxx  nxM), and vn(xx) ¼ sin(nxx)  sin(nxx  nxM)
are used for notational convenience.11
~
The magnetic force on the bead is modeled as a point dipole m
~tot, which is reasonin a magnetic field gradient, F~ ¼ m0(~
m$V)H
able for a spherical bead exposed to weakly inhomogeneous
~¼
magnetic fields. The dipole moment of the bead is given by m
~ where Vp denotes the particle volume and c
 H,
 ¼ 3c/(c + 3)
3Vpc
denotes the shape-corrected magnetic bead susceptibility.37 Since
any restoring force will return the bead to the y-axis, we assume y
¼ 0 in all simulations. Due to imperfections within the magnetization of individual micro-magnets, there is some motion in the
y-direction in the experimental studies shown in Section IV;
however this motion is small compared with the dimensions of
the array period, and from a computational standpoint the
omission of forces in the y-direction allow for more analytically
tractable solutions to be obtained, which are shown to agree well
with experiments. Additionally, we assume the bead is positioned
exactly one bead radius above the substrate (z ¼ a), since the
force in the z-direction is usually negative. Thus, the force in the
x-direction is expressed as:
Fx ðxx ; tÞ
N
N  2
X
X
n

¼ F0

m¼N n¼1

N


un ðxx Þsinðux tÞ  nvn ðxx Þsinðuz t þ 40 Þ e2pNb
(3)

 a3l0H0/3d and b ¼ a/d represent the ratio of
where F0 ¼ 8p2m0c
the bead radius to the lattice period. For colloids larger than 1mm
that are exposed to strong forcing, Brownian motion is negligible
and viscous effects tend to dominate inertial effects. We assume
fluid damping results from Stoke’s drag on a sphere and the bead
velocity is thereby determined from first order equations of
Lab Chip, 2011, 11, 4214–4220 | 4215
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Fig. 1 System Illustration (a) Graphical depiction of the magnetostatic potential energy landscape above an array of micro-magnets. A bead (grey
circle) is depicted near one pole of a micro-magnet (disks). (b) The potential energy landscape for the cross section specified in (a) is plotted at different
time intervals for a frequency ratio of Rf 7/5. The red lines depict the numerically simulated potential energy landscape, and the blue symbols show the
calculated position of the bead at each time point. The right hand side of (b) shows a series of experimental images that correspond to the bead’s
calculated positions. An animation of the bead’s motion is provided in (SI-1).

motion, x_ ¼ Fx/6pha, where h is the fluid viscosity. The bead’s
trajectory is computed through finite time difference implemented with a Runge–Kutta integrator. The time averaged
velocity of the bead is determined through the displacement of
the bead’s position after a large number of cycles with respect to
the oscillations of the x-field component, i.e., Ncycle ¼ t$fx.

III. Experimental methods
Substrate fabrication
To create a permanent magnetization within the array, we
developed high coercivity magnetic substrates, which are less
susceptible to re-magnetization in fields above 2030Oe than
those used in our prior works. The fabricated magnetic thin film
 Pt
consists of a multilayer stack of 40 alternating layers of 9 A

and 8 A Co, which are shown to resist re-magnetization in
external fields exceeding 100Oe.38 The magnetic lattice was
fabricated by conventional photolithographic lift-off technique
using thin film deposition via Molecular Beam Epitaxy (MBE) at
the MBE Thin Film Deposition Service Center at North Carolina State University. In all experiments, the diameter of the
magnets was dM ¼ 6.4mm with lattice period d ¼ 8.0mm.

vertical coils in order to control the frequency ratio, Rf. The fields
were controlled with a dual axis current controller (Cyberresearch card) and programmed with LabView.
Multiplexed bead motion
Magnetic beads with a mean diameter of 2.7mm and magnetic
susceptibility c ¼ 0.17 (Dynabead M-270, Invitrogen Inc.)
and beads with mean diameter of 5.8mm purchased from Bangs
Laboratories (COMPEL UMC3N/9839) were used to
demonstrate multiplexed phase-modulated magnetic separation.
The bead suspension is confined by Secure-Seal  spacer (9mm
in diameter and 0.12mm in depth, Invitrogen Inc.) that was
attached on the pre-patterned substrate. All the experiments are
performed at room temperature and the stock beads were diluted
100 fold with de-ionized water, having a viscosity of h ¼ 0.01
Poise.

Magnetic field control
The external field apparatus used to apply the multi-frequency
fields is described in our prior works.10,12 Briefly, two 6-cm
diameter solenoid coils with iron cores were arranged opposite of
the chip to provide external uniform field along the x- direction.
An additional identical solenoid was place below the chip to
provide external uniform field along the z-direction. An image of
our experimental apparatus is provided in Fig. 2. In these
experiments, the external magnetic fields with magnitude Hx ¼
Hz ¼ 50Oe were applied by passing electrical current through the
solenoids. The fields were measured with a handheld Gaussmeter
(Lake Shore Cryotronics, Inc.) and we verified that the field
variation was only a few percent across the chip. In all experiments, we applied a fixed frequency of 0.5Hz (where ux,z ¼ 2pfx,z)
to the horizontal coils, while a variable frequency was applied to the
4216 | Lab Chip, 2011, 11, 4214–4220

Fig. 2 Experiment Set-up. (a) The sample is placed beneath an objective
and two solenoid coils are positioned on either side of the chip to provide
uniform fields in the x-direction. An additional vertically oriented solenoid placed below the sample provides uniform field in the z-direction.
Image (b) depicts the micro-array substrate on a glass slide. Image (c)
depicts a microscopy image of a mixed suspension of 2.7-mm and 5.8-mm
superparamagnetic beads resting on the micro-array.
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Video tracking and trajectory analysis
A LEICA DM LM microscope (Leica MICROSYSTEMS) with
40x objective in bright field mode was used to image the
experimental system. The experiments were recorded with
a QIMAGING Retiga 2000R fast camera and SimplePCI
software (Hamamatsu Photonic K.K) was employed to record
the trajectory of multiple beads simultaneously. Image-Pro
software (MediaCybernetics) was used for the post-processing
of the bead trajectories. We use a frame rate of 4 frames per
second in order to capture the long time average of bead
trajectories over a large area. This was sufficient for capturing the
details of the bead’s motion, which had relatively small velocities,
V0 ¼ F0/6pha  10mm s1.

IV. Results
In numerical simulations, we first analyzed the conditions that
would lead to open trajectories (time-averaged net velocity of
beads across the substrate) vs. closed trajectories (zero timeaveraged bead velocity). We found that open trajectories were
quite rare, only occurring at odd integer frequency ratios, which
is consistent with prior work on other multifrequency
ratchets.29,30 The velocity spectra as a function of Rf is shown in
Fig. 3, along with experimental data of 2.7mm diameter beads (
and B markers represent open and closed trajectories). The
magnitude of the time averaged velocities for the different
frequency ratios is given in dimensionless form by:
8
ð1ÞP
2Q þ 1
>
>
>
< 2P þ 1 for Rf ¼ 2P þ 1
(4)
hV i ¼
>
>
>
:
0
otherwise

where P, Q ¼ 0, 1, 2, 3.; (2Q + 1)/(2P + 1) is the frequency ratio
and where 2Q + 1 and 2P + 1 are relatively prime. Provided the
driving frequency is kept sufficiently low, which allows the beads
to remain phase-locked with the driving potential, the magnitude
of the driving frequencies is unessential and only their ratio is
important. We note here that the magnetic field must be kept
above a certain threshold such that the external field induced
forces are significantly larger than the static magnetic forces due
to the micro-magnet array; however in past work we have
observed that relatively low fields (in the range of tens of Gauss)
are sufficient for this purpose.9,10,12
Fig. 4 provides a comparison of the experimental trajectories
with the numerically simulated trajectories, and the strong
agreement between theory and experiment is evident. We plot the
figures using dimensionless potion X ¼ x / d in order to represent
the trajectory in terms of the number of magnets traveled.
Examples of open trajectories are provided in Fig. 4 [AH] for
typical odd frequency ratios along with supplementary movies to
illustrate the synchronization behavior (SI-29, ESI†). For the
frequency ratio of Rf ¼ 7/5, the bead moved ‘‘three steps forward
and two steps back’’ (SI-4, Fig. 4[E]); conversely when Rf ¼ 9/5,
the bead instead moved in a forward-back-forward-forwardback pattern (SI-5, ESI,† Fig. 4[F]). Trajectories for frequency
ratios Rf ¼ 1 (SI-2, ESI,† Fig. 4[A]), Rf ¼ 3 (SI-3, ESI,† Fig. 4
[B]), Rf ¼ 5/3 (SI-6, ESI,† Fig. 4[C]) and Rf ¼ 7/3 (SI-7, ESI,†
Fig. 4[D]) are also provided.
For all even or irrational frequency ratios, the beads displayed
only closed orbits even though in some cases the beads moved
several hundred magnets before returning to their original
position. In one example, shown in Fig. 4[J] (Rf ¼ 49/50), the
bead moves 20 magnets before returning to its original position
(SI-8). In comparison, for Rf ¼ 2 the bead is restricted nearby its
original lattice position (SI-9, ESI,† Fig. 4[I]). Fig. 5 shows
a comparison of experiment and simulation for the oscillation

Fig. 3 Velocity Spectra The time-averaged velocity <V> ¼ X/Ncycle is presented as a function of the frequency ratio, Rf. (a) A large view of the velocity
spectra is shown and a zoom-in view within the region 1.0 # Rf # 3.0 is provided in (b). The  and B markers represent the experimentally observed
open and closed trajectories which are depicted in Fig. 4.

This journal is ª The Royal Society of Chemistry 2011
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Fig. 4 Open and Closed Trajectories. Comparison of the experimental and numerically simulated trajectories for frequency ratios of [A] 1/1, [B] 3/1, [C]
5/3, [D] 7/3, [E] 7/5, [F] 9/5, [G] 11/5 and [H] 13/5 is provided. The time-averaged velocities of [AB] are 11, [CD] are 31 and [EH] are 51
respectively. The trajectories of closed orbits are shown for two different frequency ratios of [I] 2/1 and [J] 49/50. The  markers present the experimental
results and the solid lines are numerically simulated results. The embedded plots in each panel are the delay mapping X(t) vs. X(t + dt) to demonstrate the
periodicity of the motion with the delay of a quarter of a period.39

Fig. 5 Oscillation Spectrum. The range of oscillation is provided as
a function of frequency ratio in the range 0.98 # Rf # 3. The B markers
are the experimentally verified points. When Rf. approaches an odd
integer frequency ratio, Xosc approaches infinity, which results the spikes
in the spectrum.

4218 | Lab Chip, 2011, 11, 4214–4220

Fig. 6 Phase Effect on Bead Mobility and Multiplexed Separation. The
time–averaged velocity as a function of 40 and b for fixed frequency ratio
of Rf ¼ 7/5 is provided. The red, green and blue regions represent positive,
zero, and negative velocities, respectively. The experimental results for
the velocities of the 2.7mm and 5.8mm beads under different 40 are
provided as +’s, ’s and B’s for positive, negative and zero velocity,
respectively. The slight offset in the two experimental datasets show that
this effect can be used to achieve high resolution particle separation and
forms the basis of future separation apparatuses. Supplementary movies
are provided in SI-10 and SI-11 which illustrate this concept.

This journal is ª The Royal Society of Chemistry 2011
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Fig. 7 Analytical solutions. The red bold lines are simulated with eqn (5) and the blue lines are simulated with eqn (8) with frequency ratios: (a) 1/1,
(b) 3/1, (c) 7/3, (d) 7/5, (e) 2/1 and (f) 49/50.

range in closed trajectories, i.e., Xosc ¼ Xmax  Xmin as a function
of the frequency ratio.
The initial phase difference, 40, was found to control not only
the direction of the motion, but also whether trajectory is open or
closed. In this demonstration, we used large beads with mean
diameter of 5.8mm for comparison against the smaller 2.7mm
beads used in the majority of this work. For the fixed frequency
ratio of Rf ¼ 7/5 and ux ¼ p rad s1, we numerically simulated
the motion as a function of 40 and b ¼ a/d in order to map out the
b vs. 40 phase space (Fig. 6). Three distinct regimes of motion
having positive (red), zero (green), or negative (blue) timeaveraged velocities were observed for the two bead types (i.e.,
b ¼ 0.17 and 0.36).
Although the bead motion as a function of 40 does not depend
strongly on b (small and large beads switch their direction of
motion at nearly the same phase), experimentally there was
a narrow window where multiplexed magnetic separation could
be achieved. For example, at one phase only the small beads had
open trajectories (see SI-10, ESI,†, for 40 ¼ 150 ) whereas
at another phase only the large beads had open trajectories (see
SI-11, ESI,†, for 40 ¼ 158 ). These results demonstrate the ability
to turn ON or OFF the mobility of different bead types using
phase modulation control. Due to variability among the beads
and substrate, not all the beads displayed exactly the phase
dependent velocity; however, these results are a promising indicator that multiplexed separation systems can be devised.

V. Discussion
The condition of open trajectories occurring only for odd integer
frequency ratios has been postulated to arise from symmetry
arguments of even and odd spatial and temporal functions,30
however a more rigorous analysis is possible in our case due to
our ability to experimentally visualize the particle trajectories.
Consider the simplest possible periodically charged substrate
with monochromatic, unidirectional periodicity (n ¼ 1 and
m ¼ 0). Assuming dM ¼ d/2, the normalized velocity is:
This journal is ª The Royal Society of Chemistry 2011

x_ x ¼ u0[cos(xx)sin(uxt)  sin(xx)sin(uzt + 40)]

(5)

where u0 ¼ 2pF0/6phad z 145 rad s1 is the characteristic
frequency of the system, related to the applied force and friction
coefficient. Making use of the transformation, cos(xx) ¼ x_ x1(dsin
(xx)/dt), eqn (5) can be re-written as:
2
x_ x ¼



þ

u0 d sinðxx Þ d cosðux tÞ
dt
dt
ux


u0 d cosðxx Þ d cosðuz t þ 40 Þ
$0
dt
dt
uz

(6)

which reveals that the kinetic energy of the integral is positively
bounded, and in the adiabatic limit of either large characteristic
forcing or slow driving, ux, uz  u0, will approach the lower
bound and permit an asymptotic solution. Temporal periodicity
in the multifrequency excitation allows us to perform an
endpoint analysis by evaluating the position of a bead after one
half of a mutual driving cycle of the two frequencies, i.e. tf ¼ ti +
(2Tmut)1, where Tmut is the lowest common period of the two
frequencies. Upon integrating (6) once we have:
ðtf

ðtf

Rf d sinðxx Þ d cosðux tÞ ¼ d cosðxx Þ d cosðuz t þ 4Þ
ti

(7)

ti

which shows that the time integral will be non-zero only if the
ratio, uz/ux, is composed of odd integers. In other words, the
temporal shift between the initial and final states after one half
mutual driving cycle, ux,z$Tmut/2 will be an odd integer of p
when ux or uz are both odd, and otherwise will be an even integer
of p if either ux or uz is even. Therefore, for systems containing
even integer driving frequencies, the integral of (7) must vanish
identically, implying that the initial and final positions after one
half of a mutual driving cycle must be the same, xx(ti) ¼ xx(tf), i.e.
a bounded trajectory. Alternatively, if neither side eqn (7)
vanishes, then there are no restrictions on the initial and final
positions of the bead, and a range of open orbits are possible. In
Lab Chip, 2011, 11, 4214–4220 | 4219
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the adiabatic limit, we can therefore solve the trajectory by
setting eqn (5) equal to zero, leading to:


sinðux tÞ
(8)
xx ¼ tan1
sinðuz t þ 40 Þ
A comparison plot of the numerical simulation of (eqn (5)) and
our analytical result (eqn (8)) is presented in Fig. 7, using
40 ¼ p/2 as an example, to show that the range of trajectories are
open (closed) for odd (even) integer ratios, respectively.
Furthermore, a simple analysis of the phase modulation
demonstrates that the trajectories switch in a manner consistent
with Fig. 6. What result (8) does not elucidate is the size
dependence of the phase control, and it remains an open question
as to why different particles can move in opposite directions on
the same ratchet potential.14 Future work can shed light on this
fascinating question and open the way for biological sensing and
separation applications that need to detect and purify different
components within a polydisperse mixture (e.g., cells, bacteria).

VI. Conclusion
Here we have explored the non-linear dynamics of magnetic
beads exposed to a multi-frequency magnetic ratchet. Through
a combination of theory, simulation, and experiment, we have
arrived at several conclusions: (i) open transport is possible only
for two driving frequencies that are odd integer ratios, (ii) the
initial phase difference between the driving fields can induce flux
reversal in the direction of the object’s motion, and (iii) there is
experimental evidence that colloidal objects of different sizes can
be sorted by controlling the initial phase difference between the
driving fields. These results open up a new platform for multiplexing the motion of colloidal beads on a miniaturized chipbased platform, which adds flexibility by allowing both the
smaller particles to move at the expense of the bigger ones and
vice versa – something which is not possible with conventional
frequency based control mechanisms that employ bifurcation
behavior between phase-slipping and phase-locked dynamics.
These results enable future improvements in the ability to sort
cells, bacteria, pathogens and other colloidal objects in a microchip format, and in addition they provide new theoretical and
experimental insights on the fundamentals of ratchet behavior
that may find applications in other fields.
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